T HE functions by which the cardiovascular system serves the biologic organism are mechanical. It is implicit, therefore, that it is necessary to understand and to measure quantitatively the mechanical properties of the cardiovascular system before its biologic functions can be understood and measured. One of the major components of the cardiovascular system is its arterial network, the mechanical properties of which determine the propagation of energy from the heart to the periphery. The relationships of blood flow and blood pressure, of intravascular pressure and vessel volume, of pulse wave velocity and blood pressure are but a few of the variables often measured which depend, quantitatively, on the mechanical properties of the blood vessel walls. Indeed, these mechanical properties must be understood before the biologic effects on the cardiovascular system of such things as the nervous and endocrine systems, aging, disease, etc., can be evaluated.
T HE functions by which the cardiovascular system serves the biologic organism are mechanical. It is implicit, therefore, that it is necessary to understand and to measure quantitatively the mechanical properties of the cardiovascular system before its biologic functions can be understood and measured. One of the major components of the cardiovascular system is its arterial network, the mechanical properties of which determine the propagation of energy from the heart to the periphery. The relationships of blood flow and blood pressure, of intravascular pressure and vessel volume, of pulse wave velocity and blood pressure are but a few of the variables often measured which depend, quantitatively, on the mechanical properties of the blood vessel walls. Indeed, these mechanical properties must be understood before the biologic effects on the cardiovascular system of such things as the nervous and endocrine systems, aging, disease, etc., can be evaluated.
The study reported herein was undertaken because satisfactory quantitative information regarding these important mechanical properties of arteries under physiologic conditions in vivo were not available. Previously, studies on the mechanical properties of arteries have largely been of 2 types. The first are those dealing with the relationships of pressure and volume in segments of the vascular tree which, therefore, have had the major limitation that Part of this work was done during Dr. Jensen's tenure as a Research Fellow of the American Heart Association.
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Eecoived for publication February 2, 1960. the sensitivity and dynamic response of volume measuring methods are relatively poor; furthermore, the mechanical properties and the geometry of arteries vary from site to site; hence, any values relating pressure and volume over any significant length of vessel are difficult to interpret. The second are those in vitro experiments using segments of vessels isolated from the vascular tree. The major limitation is that they do not yield information as to the mechanical properties and their variability in the living, intact animal. Such in vitro studies have demonstrated, however, that the walls of arteries are not simply elastic membranes, but rather that they possess visco-elastic properties ; thus, the behavior of arteries is a function of the dynamic characteristics of the circulatory system.
The few attempts, known to the authors, which have been made to measure the properties of localized segments of arteries in vivo have not been such that the mechanical properties could be satisfactorily deduced. Such studies however, have demonstrated that the changes in the circumference of arteries resulting from physiologic changes in arterial pressure are small.
Methods
Analytical Considerations of the Relationships of the Mechanical Properties of Blood Vessel Walls, Blood Pressure and Vessel Diameter A fruitful approach, commonly used by physical scientists, to determine the mechanical properties of a system is to establish the relationships between stress upon the system and the resulting strain. Stress is denned as the force per unit area tending to deform a material, and strain is defined as the proportionate deformation of the material. This approach is particularly applicable to blood vessels where the stress results from the intra-arterial pressure and the strain is the result-ing proportional change in vessel circumference. Such quantitative analysis is necessary to establish an understanding of the quantitative characteristics of biologic systems. The following is an analytical derivation of those relationships. Tangential Component of Pressure
As indicated in figure 1 , the stress acting in the direction of the circumference of the vessel wall is tangential tension (T), whereas the measurable stress applied to the vessel is pressure exerted in the radial direction. Therefore, it is necessary to find the relationship between pressure and tension. This relationship between radial and tangential stress has been discussed frequently in the physiologic literature and is sometimes referred to as "Laplace's Law." It is desirable, however, to show a derivation of this relationship since the assumptions and limitations implicit in the equation, which have not been thoroughly discussed in the biologic literature, become evident.
All forces under consideration are assumed to be in equilibrium. The forces discussed here are the force due to pressure (F P ) acting radially and the force due to tension (F T ) acting tangentially. F P = F T (1) Both pressure (P) and tension (T) are stresses, i.e., force per unit area; therefore, F P = PA,,, where A P is area which pressure acts upon. F T = T-A. r , where A T is area which tension acts upon:
PA P = T-A T .
(2) From figure 1 it can be seen that, in the element being examined, the area acted upon by pressure is the product of the element's length (I) and the arc length (a) of the element. Also, a = d0-r. The area acted upon by the tension is determined by the wall thickness (8) and the length (I). Since there are 2 such surfaces, i.e., the tension is double that on 1 surface, this area becomes 21. Since the vector magnitude of the tension is determined by sin d#/2, equation (1) becomes, by substitution:
for small angles sin d$ = dd, therefore equation (3) becomes Pr = T-S or T = Pr/8. (4) It may be noted, therefore, that the relationship between the tangential stress (T) and the radial stress (P) is a function of the radius (r) and the wall thickness (8). It is also apparent that this relationship is per unit length of a cylindrical tube under conditions of equilibrium. Frequently this relationship has been given in the biologic literature 1 simply as:
1 -Pr, which is inappropriate when applied to blood vessels since tension is a stress (force/area) and since the wall thickness of blood vessels is not negligible, Circulation Research, Volume VIII, May I960
Figure 1
Diagrams to illustrate the relationships between radial stress (pressure), tangential stress (tension) and the geometric relationships of a cylindrical vessel. The uppermost figure represents such a cylindrical vessel in which a small cubic element is identified. The radius of the cylinder is r and the angle formed between the center of the cylinder and the arc length of the element is dQ. The middle figure represents an enlargement of the element. P is the pressure acting radially as indicated by the direction of the arrow. T is the tension in the tvall acting tangentially as indicated by the arroivs. a is the arc length of the element. I is the longitudinal length of the element. S is the ivall thickness. The loivest figure simply indicates the relationship of angles referred to in the text. See text for discussion of the interrelationships of these factors.
i.e., the area of the wall is a function of the wall thickness. It should also be noted that equation (4) does not consider changes in radius or stress.
Dynamic Considerations of Stress and Strain
In considering the changes in circumference of the vessel when stress is applied to the vessel, it is customary to consider such dimensional changes as strain (^), which is defined as the change in
Figure 2
Illustrates graphically the relationships of transducers, recorder and analytical processes. The vessel, illustrated as a dark circle in cross section, is coupled to a manometer ivhich converts pressure as a function of time to voltage as a function of time. The vessel is also coupled to the core of a differential transformer to measure diameter. The essentials of the operation of the transformer is draiun in the lower left insert. The tape recorder and the computer characteristics are discussed in the text.
dimension per unit dimension, e.g., for a cylindrical tube:
where r o is the unstressed radius and Ar is the change in radius resulting from the applied stress (C is circumference). In a vessel undergoing small strain, the wall of which is composed of a nonviscous, inertialess, linear, elastic (obeys Hook's Law) material, the proportionality factor relating applied stress (T) to strain (!;) is:
where E is analogous to Young's modulus.
It should be emphasized that to apply linear elastic considerations to the stress-strain characteristics of a tube, certain conditions are assumed. These are:
1. Small strain, i.e., in a material having dimensions X, Y, and Z, the changes in X, Y, and Z are assumed to be small. The error introduced is approximately proportional to the magnitude of the strain, since with large strain the Euclidian coordinates become warped and complex analytical treatment of the problem becomes necessary.
2. The Poisson ratio is assumed to be 0.5, i.e., the volume of the material wall remains constant when it is strained ; 2 thus, if changes in 1 dimension occur and if the material is incompressible, compensatory changes must occur in other dimensions. Poisson's ratio is a property of the material. Steel, for example, has a high modulus and compressibility effects are appreciable, whereas rubber becomes deformed at low stress and, therefore, behaves essentially as if it were incompressible.
Since studies of isolated strips of vessels have shown the wall to be visco-elastic, 2 the strain will be a function of the magnitude of the rate of change of stress as well as a function of the magnitude of the stress: TJ\ = gn, (7) where fi is some function of the frequency of the stress and g is a function of both the elastic and viscous coefficients. Such a relationship may be written in the form:
T(t) indicates that T is considered to be a function of time. This denotes that the stress is related to the sum of the strain-elastic coefficient product and the rate of strain-viscous coefficient product.
The characteristics of this relationship may also be given by the equation : X' = EfeM + Ri%'^ ( 9 ) where T° is a magnitude value of T and "E," is a numerical value of £. T=T l5 e iu;t , and ij=*e iwt , indicating the nature of the frequency dependence.
Similarly, since a real material also possesses the property of mass, its effect must be added:
If T is in Gm./cm. 2 , then elastic modulus (E) is in Gm./cm.-; viscous modulus (B) is in Gin. sec./ cm.-; mass modulus is in Gm. see. 2 /cin. 2 Equation (10) then represents a second order relationship between stress and strain, in which the parameters B, R, and M can be evaluated. While the stress and strain relationship requires an infinite series involving higher order and/or nonlinear parameters, it is advisable to limit this discussion of the analytical considerations to this equation since, as will be shown, it represents the properties and behavior of the arteries as determined by the studies reported herein.
Methods for Obtaining and Relating Stress and Strain Figure 2 illustrates the relationship of 2 transducers for measuring stress and strain in a blood vessel at a point; also the recording and the analytical equipment.
Pressure Transducer
A capacitance manometer" is coupled to the vessel, either with a small plastic catheter or a 27-gage needle. The response of the entire manometer system is flat to 150 c.p.s. (± 0.5 db.) with a negligible volume displacement. The output of the pressure transducer is coupled to an Ampex 107 tape recorder. The sensitivity and noise level of the entire manometer-recording system is such that pressures may be measured to within 0.5 mm. Hg ± 5 per •Teohuitrol Mfg. Co., Philadelphia, Pa. cent. The relationship of the time delay (phase angle) between the input and output of the entire pressure recording system is essentially linear with respect to frequency within the frequency ranges encountered in the data.
Strain Transducer
The principle involves the use of a differential transformer,* 1 the coil of which is maintained in a fixed position with respect to the vessel. A small, high permeability alloy core is fixed to the advcntitia by means of a small aluminum hook. The voltage output of the transformer is proportional to the position of the core within the transformer coil. Figure 3 is a calibration curve for such a system, illustrating the linearity and sensitivity of the system. The transducer-recording system is such that displacements can be measured to within ± 0.0005 mm. The frequency response is essentially unlimited because the mass of the core assembly is 10 ing. and hence the inertial effects of the core and the loading-effect of the core on the blood vessel are negligible. Input-output phase angle delay in the entire strain recording system is also essentially linear within the frequency ranges encountered. The strain transducer is so designed and applied that the vessel is not deformed by its presence and the small nonradial motions encountered do not appreciably effect the radial measurements.
Tape Recording System
An Anipex, 7-ehannel tape recorder, utilizing frequency modulation recording, has been used throughout these studies. The tape speed at which these data were recorded was 60 inches per second. At that speed, the frequency response is flat from 0 to 10,000 e.p.s. ± 0.5 db. and the signal to noise ratio is 50 db. The distortion of data recorded and recovered from the tape-recording system is less than 1 per cent. The advantages of recording data on tape are numerous. Tor example, the data can be fed directly into computers, hence eliminating the laborious and relatively inaccurate methods of graphic analysis. Furthermore, the data can be played out repeatedly which, for many purposes, is similar to repeating the experiment. A loop adaptor for the tape recorder has been used so that a single pulse cycle may be replayed continuously and at various tape speeds. It is evident that the combined use of tape recording and electronic computer technics can greatly advance the analytical possibilities of biologic research involvingstudies of simultaneously varying functions.
Data Analysis
The stress-strain data, recorded by the methods described above, are played back for analysis at convenient times. Two basic types of analysis have been used. The first utilizes an analog eomputer,t *Sanborn Co., Industrial Division, Waltham, Mass. •fKonner Scientific Company, Concord, Calif. Model #3400, 3731, 3750. where the purpose has been to find a precise mathematical expression relating the recorded stress and strain. This equation then represents the properties of the vessel wall. The analog computer has also been used to examine extensions of the dynamic response of the vessel wall beyond the physiologic ranges of stress and strain and to examine the effects to be expected if the elastic, viscous and inertial moduli are varied, i.e., to extend analytical methods of relating theory and experimental data.
The second utilizes a digital computer, 0 used to perform a Fourier analysis of the stress and strain curves and to compare the amplitudes and phases of each frequency component comprising the stress-strain curves. This technic also provides another analytical method for deriving-, quantitatively, the properties of the vessel wall.
Careful consideration of the entire system of recording and analysis of the data reported herein suggests that the errors introduced in the recording and analysis probably do not exceed 5 per cent. It may be added that such accuracy in recording and analyzing biologic data is unusual. A more detailed account of these methods appears below.
Results

Pressure-Diameter Recordings
In the studies reported herein, simultaneous, instantaneous recordings of intra-arterial pressure and arterial diameter have been obtained from a variety of sites along the arterial tree in 10 dogs varying in age from a puppy of 12 weeks of age to a dog obviously of an advanced age as judged by the condition of its eyes, teeth and blood vessels. The animals were anesthetized with a mixture of Dial-*Remington Band TJNIVAC. Computer Center of the University of Pennsylvania.
•V*
Figure 4
Display of 4 simultaneous recordings of pressure and diameter from 2 sites. The site of measurement and the variable is listed on the left vertical border. The type of procedure designed to alter the pressure and, diameter and their relationship is listed along the base. The sudden depressions in the recordings indicate periods when the recording was stopped. The sudden change in the magnitude of the abdominal aorta diameter record during the epinephrine effect is because the sensitivity (amplification) of the strain transducer was reduced.
urethane and pentobarbital (intravenous injection of a combination of equal parts of pentobarbital-sodium veterinary solution (60 mg./ml.) and Dial-urethane solution (100 and 400 mg./ml. respectively), the dosage being 0.25 ml. of the mixture per kilogram. An augmenting dose of morphine (1.5 to 2 mg./Kg.) was given 2 to 2 a /£> hours following the initial dose of morphine) which has been shown* to result in anesthesia accompanied by relatively normal ranges of blood pressure, pulse rate, respiration and reflex responses. Attempts to evaluate the effect of this anesthetic agent on the properties of the vessels are recounted below. Figure 4 shows tracings reproduced on Sanborn equipment from 4 channels of taped recordings obtained during 1 experiment. It can be noted that from such data the simultaneous responses of arteries from a variety of sites to various vaso-active substances and nervous influences can be determined. It can be noted that the effects of such vasoactive substances as epinephrine, norepinephrine and acetylcholine on the arterial system can be measured. When these substances are given systemically, the changes in the dimensions of the arteries are associated with a variety of cardiovascular events such as changes in blood pressure, direct effects of the vaso-active substances, and reflex changes in vessel wall properties. In order to separate these effects it is necessary to apply these vaso-active substances locally. Figure 6 illustrates an example of the direct effect of these substances. It can be noted that the vessel wall stress-strain relationships change markedly, although the pressure pattern remains constant and systemic reflex influences are eliminated. Figure 7 illustrates the effect of viscosity on the relationship of stress and strain. It may be seen (note legend) that the vessel wall is less stiff during diastole than it is during systole. It may also be noted that the strain follows the stress, i.e., there is a very slight delay between the stress and strain.
Analysis of-Pressure-Diameter Relationships
It is possible to analyze the instantaneous relationships of intra-arterial pressure and arterial diameter throughout any cardiac cycle and from cycle to cycle under a variety of conditions. As noted above, the analysis of these recorded data was done by 2 essentially different methods, i.e., analog.computer simulation and the digital computer Fourier analysis. Figure 8 illustrates graphically the essentials of 1 of the uses of the analog computer in this study. The blood vessel is pictured as a '' black box,'' mechanical properties of which determine the relationship between stress and strain simultaneously recorded during an experiment. It is the role of the computer to operate on either the recorded stress to reproduce the recorded strain pattern, or to operate on the recorded strain to reproduce the recorded stress pattern.
Analog Computer Analysis
The computer is also programmed to scale the voltages from the tape so that the information processed by the computer is represented as Gin./cm. 2 for pressure and as a dimensionless number representing strain, i.e., (11) where D + is the actual instantaneous diameter in cm. and where D o is the unstressed diameter in cm. D o is obtained by occluding the vessel proximal to the transducer. It has been found that, with few exceptions, D + varies between 103 and 110 per cent of D o ; therefore, the problem of sealing to strain is simplified and little possible error is involved. This means, of course, that arteries undergo small strain between zero and normal mean arterial pressure. This is consistent with the fact that the strain, resulting from the pulse pressure, which is approximately 30 per cent of the mean arterial pressure, is usually of the order 1 to 3 per cent.
It may be assumed that the relationship between stress and strain in the blood vessel 
Figure 5
A display of 4 relationships between pressure and diameter. In the upper left section are recordings of diameter and pressure during a "control" (see text) period from the carotid artery. The upper right section shoics the change which occurred following the intravenous administration of acetylcholine. The lower left tracing is also from the carotid artery during a "control" period. The lower right tracing shoivs the effect of an intravenous injection of epinephrine.
can be expressed by some equation representing the sum of a series of terms of increasing order and their coefficients, for example:
where A, B, C, etc., are coefficients which, by definition, are analogous to vessel parameters. It has been found that a first order linear differential equation will match both the contour and the amplitudes when recorded and simulated stress and strain are compared. This suggests that the mass or inertial (second order) and higher terms are negligible in the relationship of stress and strain in the artery wall under physiologic conditions, viz., that the elastic and viscous moduli are the predominant parameters. This finding has been further evaluated by programming the second order equation on the computer and evaluating the coefficients by the integral and differential form with the same result. Furthermore, the mass coefficient may be estimated directly from the weight and dimensions of the vessel. The volume of an element of vessel is given by product of length (I), wall thickness (8) and 2tr radius (27rr) and the product of the volume and density (p) provides the mass in grams. For example, in a characteristic vessel where I -1 cm., S = 0.1 cm., r = 0.5 cm. and p = 1 Gm./cni., 3 the mass is 0.3 Gm. The result is 0.3 Gm./cm., or more generally 0.3 Gm./uuit length. To convert the resulting force term to the same dimensions used in this study, that value is divided by 980. Thus, the equivalent mass coefficient becomes 0.0003. This is negligible compared to the coefficients E and E representing the elastic and viscous moduli. In the arteries studied herein, the order of magnitude of these moduli have been found to be E P = from 1,000 to 6,000 and R,. = from 10 to 100. The symbols E P and R P represent moduli relating pressure to strain rather than tension to strain. The conversion to tension moduli is discussed below.
Fourier Analysis by Digital Computer
The digital computer program consists of a Fourier analysis giving a sine wave amplitude and phase angle for each harmonic which comprise the stress and strain pulses of individual cardiac cycles. Such data from simultaneous stress and strain curves are then compared automatically to determine the amplitude ratio and phase angle differences as a function of the harmonic frequencies comprising the 2 curves. Computer running time is approximately 2 seconds per harmonic computed for each curve, intruding comparisons between sets of data. Analyses have been done on over 100 pairs of curves to date, using 120 points per curve.
The curve relating the amplitude ratios of a forcing function and a response (i.e., stress and strain) of a system to the frequency of the forcing function is a useful indication of the properties and behavior of a system.* Briefly, in a visco-elastic material the amplitude ratio diminishes with increasing frequency as a function of the ratio of E/R. A helpful criterion in such first order systems used by physical scientists in characterizing such curves is the so-called "3 db. down point" or the "corner frequency." This is the frequency at which the amplitude ratio is 0.707 of the magnitude of the ratio at the fundamental frequency. One important usefulness of this criterion is that if the corner frequency is known, the parameters E and R may be evaluated or vice versa. Likewise, with such a system, the ratio will be found to have di-*These same characteristics apply to a largo variety of physical systems, e.g., electrical, mechanical, thermal, etc.; many standard texts deal with these general principles. 3 ' 4 Circulation Research, Volume VIII, May 1960 minished by 1 db. (10 per cent) at one-half the corner frequency, y% db. (5 per cent) at onefourth of the corner frequency, etc. The phase angle difference between the forcing function and the response is an additional criterion of the properties and behavior of the system. At the corner frequency, the phase angle difference (lag) will be approximately 45°, at onehalf the corner frequency, 27° at one-fourth the corner frequency, 14°, etc. Figure 9 illustrates the relationships found between the amplitudes of each of the harmonics of stress and strain composing the physiologic intra-arterial pulsations.
It can be noted from figure 9A that the amplitude of successively higher harmonics comprising any single pulse diminishes until the amplitude is the same as, or lower than, the noise level assumed to accompany the analysis. This descent into the noise level occurs between the fourth and sixth harmonic; therefore, measurements of harmonics above these levels are meaningless. This effect is also seen in figure 9J5 as a flaring or increased random scatter of the data beyond the fourth harmonic. Figure 9B illustrates, however, that the amplitude ratios of strain and stress within the meaningful range of frequencies is essentially constant.
The form of the curves obtained from these data and illustrated in figure 9 confirm the findings obtained with the use of the analog computer, again indicating that the corner frequency of the stress-strain characteristics of the arteries lies above the physiologic range of frequencies encountered in the cardiac cycle.
Characteristics of the Equation Representing Arterial Stress-Strain Relationships
Another approach frequently used in the physical sciences to evaluate the properties of a system represented by an equation and the reliability of the equation is to obtain the socalled characteristics of the equation. 3 There are methods for converting a differential equation to a polynomial, algebraic equation whose roots indicate the modes or responses Circulation Research, Volume VIII, May I960
Figure 7
The tracings shown were obtained by playing taped simultaneous recordings of diameter and pressure from a carotid artery to illustrate the differences in wave shape. The sensitivity of the scope is adjusted; for purposes of illustraiion, so that the peak amplitudes are approximately the same; therefore, 'when the rate of change of pressure and strain is diminished during diastole the strain amplitude exceeds, relatively, the pressure. This illustrates the fact that the strain is relatively larger, with respect to stress, at times when the rate of change of pressure is smaller. In other ivords, the vessel wall is less "stiff" when it is being stressed less rapidly. This variation in stiffness lohich is dependent upon the rate of change of stress is due to the viscosity of the material. The vessel wall, therefore, is more viscous during the epinephrine effect. The strain can he identified since a slight 60 c.p.s. ripple was superimposed upon the tracing. 7A (upper tracing) was obtained from the carotid artery during a "control" period. 7B (lower tracing) ivas obtained from the same vessel following administration of epinephrine. The relative amplitudes of the tracings in 7A and 7B are arbitrary.
of the system. The solution to equation (10) which is a quadratic is:
where Si and S 2 are the roots indicating the relative effects of the elastic, viscous and inertial properties of the system; i.e., there will be 2 "corner frequencies." When the values of the parameters obtained by the methods noted above are substituted into this equation, it is found that the first corner frequency representing the ratio of E/R varies between 5 and 50 cycles per second under the conditions of the experimental procedures noted above. The second corner frequency is found 
Figure 8
Diagrammatic sketch of the use of an analog computer in simulating the properties of a blood vessel (see text). The real and computed variables are compared and found to be identical. The computer is carrying out the same operation on the variables as the vessel was. P and E denote real, recorded pressure and strain. Note: In the text the letter E represents elastic modulus rather than strain. Strain is represented by the letter in the text.
to occur at between 3,000 and 6,000 cycles, which is obviously orders of magnitude beyond the physiologic ranges, thus again indicating the truly insignificant effect of the mass of the artery upon its mechanical functions which relate stress and strain. The criterion of phase angle differences of the stress and strain data has been more difficult to evaluate since the magnitude of the differences is small. It can be shown that the phase angle differences between stress and strain in such a system is given by : 3 RSI
where <j> is in radians. Therefore, since Mfi 2 is small compared to the other parameters:
where <£ is in degrees and / is the frequency being evaluated in cycles per second. Within the ranges of frequencies encountered, the phase angle differences would be 25°, or less. It is estimated that the error of the method of determining such differences is approximately ± 6° ; thus considerable scatter could be expected and did occur. Evaluation of large amounts of data, however, indicated that the values so obtained were consistent with the other findings of the study. Figure  7 illustrates the delay between pressure and diameter, usually less than 5 msec. The computed delay to be expected as a result of the derived values of E/R for this pulse was 3.2 msec. Lineal disalignment of the transducers and differences in the transducer phase angle frequency curves could easily account for the discrepancy.
Another advantage of the use of the analog computer in such studies is that the characteristics of an equation may easily be found for the entire frequency spectrum simply by programming the equation on the computer and playing into the computer whatever frequency range is of interest. It is also convenient to set up any desired wave shape, analogous to any pressure wave shape, on a function generator and obtain an output from the computer which is analogous to the strain *The numbers below the site designation along the left side of the chart identify the animals so that values for the same animal may be compared with respect to site. The vertical columns are represented as follows: D is vessel diameter in centimeters, r/S is the ratio of vessel radius to wall thickness, Ev the pressure-strain elastic modulus, E T the tension-strain elastic modulus, Ei-the pressure-strain viscous modulus, B T the tension-strain viscous modulus, and E/K represents the elastic modulus-viscous modulus ratio. See text for discussion of these parameters.
curve to be expected from any equation programmed on the computer. Such studies have been made and the results are again consistent Avith the properties and characteristics of the data obtained in other ways.
Relationships Between Pressure and Tension Moduli
Equation (4) states that the tension stress which acts in the circumferential or tangential direction, i.e., the same direction as the strain, is related to the radial pressure stress by the ratio of the radius to the wall thickness. This relationship implies that as the radius increases or as the wall thickness decreases, i.e., as the ratio r/8 increases, the tension tending Circulation Research, Volume VIII, May 1960 to stretch the wall increases for any given pressure. It follows, therefore, that to obtain the moduli of elasticity and viscosity, characterizing the wall material itself, the pressure moduli must be corrected for the radius and wall thickness effects on vessel stiffness:
T(t) = P r/S = r/8 (16)
An example of this important relationship is a comparison between data obtained from the same site in the abdominal aortae of 2 animals of markedly different ages as found in table 1. Animal no. 4 was a puppy, whereas animal no. 7 was a A' ery old dog, yet the relationships between pressure and strain (E,») in the 2 animals were identical. This also means that the pressure-volume relationships of the vessels of the 2 dogs were identical. If, however, the wall stress (tension) is considered by relating the differences in vessel radius and wall thickness, it becomes obvious that the material comprising the wall of the old dog's vessel is much stiffer than that of the puppy's. It should be added that the arterial pulse and mean pressures in the 2 animals were comparable.
This illustrates the "compensation" for the increased modulus of elasticity accompanying aging. It also illustrates the fundamental differences between the relationships of pressure and diameter and those of wall tension and diameter.
In these studies, the diameter of the vessel was measured directly and continuously by the differential transformer transducer. Wall thickness, however, was obtained at the conclusion of the experiment by excising the entire aorta together with its major branches. The excised vessels were then fixed under 2 important conditions : the diameters were fixed by inserting a thin-walled rubber tube inflated to 150 mm. ITg and the length was fixed to correspond to the in vivo length. In this way, it can be assumed that the dimensions of the vessel walls most closely resemble those obtained during life. If the vessels are not inflated or maintained at their normal length, their dimensions become distorted. It is assumed that the wall thickness does not vary significantly during the experimental procedure and during fixation. The measurement of wall thickness in these studies is, therefore, an approximation ; however, the values so obtained probably give a reliable indication of the effects noted above. Circumference strain is in the order of less than 5 per cent; therefore, it is unlikely that the wall thickness changes by more than the same Aralue and probably less under these circumstances, since with a Poisso.ii ratio of 0.5 the combined longitudinal and wall thickness variations would not total, more than the tangential change. There is reliable evidence that the error involved in assuming a constant wall thickness is small. 2 In summary, the wall thickness must be taken into account in computing the mechanical properties of the vessel wall. The wall, thickness varies from site to site within Beat-by-beat plot of the variables, E,, (pressure-strain elastic modulus), Ji,, (pressurestrain viscous modulus), arterial pulse pressure (Gm./cm.*) and arterial strain (\) before and during the effects of an intravenous injection of epincphrine (see text).
the vascular tree and with the age of the animal. For reasons noted above, however, it may be assumed that wall thickness at any 1 site and during the experimental period may be treated as a constant without introducing appreciable error into the computations. Table 1 is a summary of values obtained from anesthetized experimental animals under "control" conditions, i.e., at a time before and/or after any experimental procedure was attempted. The values represent averages taken during control periods over a time interval of at least 2 hours for any given animal. In most instances the variability during the control periods was less than 10 per cent. Dog no. 7 was obviously an aged dog whereas dog no. 4 was a puppy known to be 12 weeks of age. Dog no. 1 is thought to have been a puppy, but its age was not known reliably. Figure 10 is a graphic plot of the beat-tobeat variations in computed E P and R P obtained from the carotid artery during a control period and following the intravenous administration of epinephrine* (3,ug./Kg.). This response has been chosen, for several reasons, as an example of the variations in vessel parameters. The graph illustrates the following: (a) variability of the parameters usually seen during the control period; (b)
Variability of the Mechanical Properties of Arteries in Vivo
•i-epineplirine bit;irtr:itc supplied through the courtesy of Wintlirop Laboratories, New York City. the first effect of the epineplirine is probably cardiac, i.e., the pressure and resulting strain begin to increase before the arterial wall properties begin to change; and (e) large oscillatory variations which occur following the response to vasoaetive substance. It is presumed that these large oscillations which are much slower than the respiratory cycles are due to the net effects of underdamped reflexes, i.e., regulatory phenomena occurring within the animal resulting from the changes in the circulation.
Summary of Vessel Wall Parameter Data and Their Variability
1. The total variability in E P during control periods at any particular site averges 10 per cent with a range of 2 to 20 per cent, over a 2-to 6-hour period. Three factors which could cause such variability have been analyzed: First, the sensitivity, random electrical noise and drift of the instrumental array is relatively fixed; therefore, the percentage A r ariability introduced from instrument sources will be inversely proportional to the magnitude of the pressure and diameter changes themselves. It is estimated that instrumental properties account for approximately 50 per cent of the control variability, i.e., 5 per cent absolute variation. Second, anesthesia level A'aries during an experiment. An attempt to evaluate this factor was made by allowing an animal to become "light" and then suddenly to deepen the anesthetic level by a large intra-venous dose of the anesthetic agent. An immediate decline of the elastic modulus in the femoral and carotid arteries and the abdominal aorta was observed; however, after 3 minutes the moduli had returned to their original values although the auimals anesthetic level was markedly deepened. It was concluded that the acute effect of the anesthetic agent was due to a direct influence on the vessel wall and that anesthetic level per se did not cause a significant change in the moduli although the anesthetic level must modify the effects of the nervous system upon the properties and behavior of the cardiovascular system. Third, it can be noted that there are small cyclic variations in the computed moduli which have the same period as the respiratory activity. This factor is found to contribute most of the remaining variability; thus, it has been concluded that a 5 to 10 per cent variability in the moduli occurs associated with respiration. Variations of the mechanical moduli are minimal in the thoracic aorta, presumably because of the minimal content of smooth muscle in the wall of this section of the arterial tree.
2. Norepinephrine* given intravenously or directly applied to any artery, causes an increase in the modulus of elasticity of the wall, an increase in the viscous modulus and a decrease in the E/R ratio, i.e., the increase of the viscous modulus exceeds the increase in the elastic modulus. Norepinephrine applied directly to the vessel can increase the modulus of elasticity by 500 per cent, presumably by causing a contraction of the smooth muscle within the wall. Again, the effects upon the thoracic aorta are less than those at sites where the wall contains a greater amount of smooth muscle. The response is dose dependent; however, an interesting difference has been noted between the intravascular injection and the direct application to the vessel wall. The response of the arteries to an intravenous injection reaches a maximum within a few minutes and then gradually subsides and is essentially gone within 15 to 30 minutes.
•Levartercuol Intrirtrato (Lcvophod) was supplied through tlio courtesy of Winthrop Laboratories, Now York, N. Y.
Using direct application, however, the onset of the effect is prolonged and the effect then persists indefinite]}'. Observations have been continued for more than 3 hours. The prolonged development of the effect can be explained on the basis that diffusion from the interior is more rapid than from the adventitia; however, it appears that the vessel wall does not contain whatever mechanism is responsible for the degradation of the A'asoactive principle of norepinephrine when given intravascularly.
3. The effect of epinephrine given directly or intravaseularly also depends upon the dose; however, in small doses (1 /xg./Kg.) the effect is to reduce the modulus of elasticity, whereas in higher (10 ^g./Kg.) doses the opposite effect prevails. Epinephrine has been found to cause variations of 3-fold in the magnitude of the elastic and viscous moduli. Again, the effects are minimal in the thoracic aorta.
4. Administration of acetylcholine* results in a marked, dose dependent, reduction in the modulus of elasticity and an increase in the viscous modulus, thus tending to cause a reduction in the E/R ratio. Variations of 3-fold have been observed in the modulus of elasticity due to the effect of acetylcholine.
5. Stimulation of the right or left vagus is associated with reduction in the modulus of elasticity and an increase in the viscous modulus. Variations of 100 per cent have been noted in the elastic moduli of arteries, following vagal stimulation.
6. It is apparent that, within the ranges of stress and strain encountered in these studies, the moduli can be considered to be constant coefficients over any given cardiac cycle and that variations in the magnitude of these coefficients are due to some changes occurring within the vessel wall as a result of vasoactive influences rather than as a result of a nonlinear stress-strain relationship. It is evident from studies of excised vessels that with large strain, however, nonlinear properties manifest themselves in the behavior of the wall. *Acetylelioline chloride supplied through the courtesy of Merck and Co., Inc., Railway, N.J.
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Discussion
Using the aforementioned methods, the arteries were found to have mechanical properties such that the relationships between arterial stress and strain, for any given cardiac cycle, can be described by a first order, linear, differential equation with constant coefficients. This fact and the fact that the strain is, by measurement, small, simplifies the problem of assigning to the coefficients of the equation a definite physical significance, and so to define the mechanical properties of the arterial wall. To do this it is necessary to construct, by analytical processes, models or working hypotheses of the nature of the artery and its mechanical properties. Model construction is a modus operaudi of science, which is followed with an evaluation of the validity of the model by comparing the equations of the real system to the equations representing the model. The parameters of the 2 equations are then, by definition, considered analogous. If they are dissimilar, the search for a satisfactory model must continue. If they agree, it may be concluded that the model is a valid representation of the system in question.
In mechanical systems, the coefficient relating stress and strain is called, by definition, the elastic coefficient. Likewise, by definition, the relationship of stress and the first derivative of strain (velocity of strain) is called the viscous coefficient. Similarly, in an electrical system they would be called the coefficient of capacitance and resistance, respectively. It is well established that these parameters, and others if they exist in the system, determine the properties and behavior of the system they comprise. A significant reason for evaluating the parameters of a system lies in the fact that if the behavior of a system can be characterized, its parameters can be evaluated and, conversely, if a system's parameters have been evaluated its behavior can be predicted.
In this paper, a model, together with its analytical derivation, has been presented which agrees satisfactorily with the characterization of living arteries themselves. As a con-sequence of these studies, it is hoped that our understanding of the biologic functions of the arteries can be extended and that the behavior of the arteries can be explained and predicted with greater reliability.
The literature related to the properties and behavior of the arteries extends over many centuries and is, indeed, voluminous. It seems germane to relate the information gained from this study to certain aspects of the functions of arteries which have been of interest to biologists.
A few reports describe attempts to measure the arterial diameter changes which accompany the intra-arterial pressure changes. 2 ' "• 8 Some of these have been reviewed recently. 5 Even fewer studies have been reported in which attempts have been made to relate the variables pressure and diameter 2 ' ° and, to our knowledge, no one has published analyses of these data from which the mechanical properties of the arteries have been satisfactorily deduced in a quantitative manner.
Lawton 2 has sewn a mosaic of beads on the outer surface of the abdominal aortae of dogs. Motion pictures of the position of the beads were then analyzed. An important contribution of these studies was the finding that the length changes accompanying the pressure pulse were less than 1 per cent per unit length. It was apparently difficult, however, to obtain reliable measurement of circumference changes from which the mechanical properties of the vessel could be obtained. Relationships between measured values of stress and diameter were plotted as Lissajous figures, i.e., diameter and pressure values displayed on ordinates and abscissas of 2 dimensional coordinates. The Lissajous pattern suggested that energy was absorbed by the arterial wall, i.e., that the wall is visco-elastic. Rushmer 6 recorded the output of a pressure transducer, together with that of a rubber and mercury transducer wrapped around the aorta as a means of finding the relationships between pressure and diameter. In the author's words, ". . . in preliminary experiments, aortic pressure was plotted against aortic circumference as measured from the records; this process was laborious and quite inaccurate whenever the variables were changing rapidly. For these reasons, the pressure-circumference relations were plotted continuously on the face of a cathode ray oscilloscope.'" Thus, again Lissajous figures were used as the major analytical method for relating pressure and diameter.
It is of interest that Rushmer's recorded Lissajous patterns suggest that energy was being added by the artery during the systolic part of the pressure pulse, i.e., that the vessel wall was forcing the blood rather than the converse. Rushmer noted, moreover, that there were other explanations for the reversal of the Lissajous pattern, such as displacement of the aorta by the motion of the heart, changes in length of the aorta during each cycle and technical artifacts altering the phase relationship between the 2 records.
Whether or not the arteries aid the heart in propelling blood toward the peripherj' by rythmic contractions synchronous with each cardiac cycle is an important question which has been successively alleged and denied since the time of Galen. The arteries have thus been called the "peripheral heart." Because of the importance of the question it seems appropriate to elaborate on the interpretation of the Lissajous pattern. Essentially the pattern is the trace of a point which is the time history of the relative instantaneous magnitudes of one variable with respect to the other, e.g.. pressure and diameter, although the time function of each is lost. Hence, the figure is quantitatively useful for determining phase shifts only if the 2 variables have the same time symmetry and periodicity. There are, therefore, 3 general causes of a nonlinear and/ or open Lissajous loop. 1. Phase shifts due to energy being "pumped" into the system during the cycle, or due to instrumental phase angle shifts, effective mass and/or elasticity in the system. 2. Dissimilar wave form, i.e.. the 2 variables have dissimilar frequency and/or phase contents which could result from instrumental distortion or from variations in the "mean" pressure or diameter, i.e., where 2 types of time variations are occurring or where the contour of the pressure of diameter curves are dissimilar. 3. Higher order, nonlinear effects in the vessel and/or transducer systems. It is impossible to distinguish among these possibilities unless each is carefully evaluated.
The known characteristics of vascular smooth muscle suggest that its temporal behavior is too slow to contract in such exact symmetry with the pressure pulse which is highly variable in its magnitude and rate of change. Also a peculiar type of relaxation during diastole would be required. Furthermore, in the analysis of the relationships of stress and strain associated with more than 5,000 pulse cycles recorded during these studies, no evidence has been found to suggest that the arterial walls undergo active contraction synchronous with the cardiac cycle. Indeed, there is absorption of energy by the vessel wall in proportion to the product of the coefficient of viscosity and the velocity of the strain. However, the mechanical properties of arteries do, as shown herein, undergo large changes involving the production of mechanical work by some structure within the vessel wall. It is probable that the structure which does the work upon the vessel wall and its contents is the smooth muscle of the wall. The time component of these variations is, however, long compared to the cardiac cycle and is not necessarily related even to the average mechanical. work .being performed by the heart. Indeed, the usual consequence of the work performed by vessel wall smooth muscle is an increased absorption of mechanical energy provided by the heart. It must be concluded from these studies, therefore, that the concept of beating arteries or of the "peripheral heart" is not justified.
The values of the coefficients of elasticity and viscosity obtained from this study of living arteries in vivo are somewhat lower than those reported for excised segments of artery but are of the same order of magnitude.
Some studies of isolated strips of arteries show the relationships of stress and strain to be nonlinear. 1 --While this is undoubtedly the case, it should be noted that the demonstra-Circulatlon Research, Volume. V11I, May 1960 tions of the nonlinear nature of the mechanical properties were produced by subjecting the vessel segments to very large strain. Again, for reasons rioted above, the term "coefficient or modulus of elasticity" is meaningless when applied to a condition involving large strain. It is of great importance, moreover, to have evidence that under physiologic conditions the arteries do not undergo large strain and to find, by measurement:, that the stress-strain may be linearized without appreciable error. Stress-strain, data may be readily converted to considerations of pressure-volume relationships, since the volume change per unit length of artery is directly obtainable from the pressure strain relationship, i.e.:
where r 0 is the unstressed radius. The conclusions regarding stress-strain relationships reported in this paper are, therefore, directly applicable to pressure-volume relationships. The volume changes per unit length of the large arteries are, therefore, also less than 5 per cent during the cardiac cycle under normal circumstances.
It is apropos to speculate on the relationships between the mechanical properties of the arterial wall and the properties of the tissues which determine them. It has been estimated 1 that the elastic modulus of elastic tissue is approximately 3 X 10° dynes/cm. 2 (3 X 10 3 Gm./em. 2 ), and that of collagen 3 X 10 7 dynes/cm. 2 (3 X H) 4 Gm./cm. 2 ), while that of smooth muscle varies from 6 X 10 4 to 6 X 10 7 dynes./cm. 2 (60 to 6 X 10' 1 Gm./cm. 2 ). Roach and Burton 7 suggested that under conditions of small strain the properties of the elastic fibers pi^evail. It is difficult to understand Burton's statements that "the contribution of smooth muscle to the elastic properties of the living blood vessel is very small" 7 and that "astonishing as it may seem at first sight, there is evidence that an artery under vasomotor tone, i.e., constricted by the contraction of its smooth muscle, is more, not less distensible than the same artery when it is relaxed, in certain ranges of pressure." 1 The studies reported herein serve to evalu-Circnlation Research., Volumq Y///, May X9Q0 ate the net mechanical properties of the A' essel wall rather than the relative contribution to these properties made by each tissue comprising the wall. It is evident, however, that some tissue constituent of the arterial wall is capable of changing the net mechanical properties of the wall by an order of magnitude. If this tissue is smooth muscle, its contribution to the elastic properties of living arteries is very large indeed. This applies to the viscous properties of the arteries as well. Also, in all cases where so-called constriction of arteries has been observed, there was noted a simultaneous proportionate decrease in distensibility, viz., an increase in the elastic modulus. We have concluded, from our studies, that physiologic variations in the mechanical properties of arteries are accomplished by neurohumoral influences upon the smooth muscle contained within the arterial wall. It may also be concluded that, at any given time, spacial variability in the effectiveness of these neurohumoral influences is a result of the distribution of smooth muscle and/or nervous elements. Furthermore, it may be inferred that chronic A'ariations in the mechanical properties of arteries are brought about by chronic alterations in the mechanical properties of any one, or all, of the tissues comprising the wall, together with alterations in the dimensions of the vessels themselves. If Burton's thesis that collagenous tissue effects are manifested only with large strain is correct, then it would appear that the contribution of such collagenous tissue under physiologic conditions is small.
One of the major functions of the arteries is the propagation of mechanical energy from the heart to the periphery. This mechanical energy is manifested in blood pressure and blood flow, the interrelationships of which are to a large extent determined by the mechanical properties of the arterial walls. With the methods of recording and analysis described here, these properties have been determined and their relationships have been calculated with a precision unusual iu biology. It can be expected that such quantitation of the me 1 chanical properties of the arteries will permit the development of more precise descriptions of the normal energetics of the peripheral circulation and of the effects of aging and disease upon the peripheral circulation.
Summary
Methods have been assembled permitting the simultaneous recording of intra-arterial pressure and arterial diameter with sufficient accuracy so that the mechanical properties of arteries in vivo, under physiologic conditions, can be derived. The analysis necessitates finding the relationships between 5 simultaneous variables; hence the data were recorded on magnetic tape and processed by analog and digital computer technics. Analysis of the data established the fact that the mechanical properties of arteries can be described by a linear, first-order differential equation whose coefficients can be defined as the moduli of elasticity and viscosity. Furthermore, the magnitudes of the coefficients were evaluated. The strain which the arteries undergo as a result of arterial pulse pressure variations is normally between 0.01 and 0.04, i.e., between 1 and 4 per cent change in circumference. The total strain associated with marked constriction and dilation does not usually exceed 10 per cent. Therefore, it is established that the circumferential motion of arteries may be characterized as small strain. The fact that the strain is effectively small is confirmed by analytical consideration, i.e., stress-strain relationships can be linearized under physiologic conditions without introducing significant error. The mass of the artery wall does not play a significant role in determining the mechanical behavior of the arteries and can therefore be neglected in any such considerations. The harmonic content, i.e., the frequency spectrum, comprising the pressure and diameter pulsations associated with the cardiac cycle have been evaluated by Fourier analysis.
The magnitudes of the coefficients relating pressure and strain are: elastic (Ei>) varies from 1,000 to 6,000 Gm./cin. 2 (with the exception of a value of 500 in the thoracic aorta of a 12-week-old puppy), viscous (R P ) from 10 to 150, and mass (M P ) from 0.0002 to 0.005.
The magnitudes of the coefficients vary from individual to individual, from one site to another within the vascular tree and temporally in response to vasoactive factors.
The effects of epinephrine, norepinephrine, acetylcholine and autonomic nerve stimulation on the mechanical properties and behavior of arteries are discussed.
The differences between the pressure-strain relationships and the wall tension-strain relationships are discussed, since the mechanical properties of the Avail material itself is not given directly by the pressure-strain relationships, i.e., radius and wall thickness must be considered.
An analytical discussion is developed and mathematical equations are derived which relate pressure, Avail tension, radius, strain, elasticity, viscosity and inertia in a tube Avhich has been shown to be a reliable model of the living artery.
It is concluded that the concept that the arteries function as a "peripheral heart," i.e., rhythmically contract in synchrony with the heart, is not justified.
Probable relationships of these properties to the structure and functions of the arterial system are discussed.
Summario in Interlingua
Esseva adaptate methodos permittente le registration sinuiltanoe del tension intra-arterial e del diametro arterial con un grado sufficiente do accuratia pro definir le proprietates mechanic de arterias in vivo sub conditiones physiologic. Le analyse demanda establir le relationes inter 5 simultanee variabiles. A causa de isto, le datos esseva registrate in bandas magnetic e processate per teehnicas a eomputator analoge e digital. Le analyse deinonstrava. le facto que lc proprietates mechanic de arterias pote esser describito per un equation differential linear del prime ordine, con coefneiontes quo pote esser definite como le modulos de elasticitate e viscositate. In plus, le magnitudes del coefficiontes esseva evaluate. Le offortio al qual le arterias es subjicite in cousequentia Circulation Research, Volume VIII, May 1960 del variationos in le pression de pulso arterial es normalmcnte inter 0,01 e 0,04, i.e. inter le 4 pro cento de alteration in eircumferentia. Le effortio totnl associate con marcate grados de constriction e de dilatation non excede usualmente le limite de 10 pro cento. AssL il es establite que le motion circumforontial de iirterias pote esser charactorisate como effortio micro. Le facto que le effortio es effectivemeiite micro cs confirmate per un consideration analytic, i.e., relationes inter stress e effortio pote essor linearisate sub conditiones physiologic sin introducer un error significative. Le massa del pariete arterial non ha un rolo significative in determinar le eomportamento mechanic del arterias e pote, per consoquente, osser nogligite in orane considerationes de iste genere. Le contonto harmonic-i.e. le spoctro de frequentia, eomprenclente le pulsationes de pression e de diametro associate con le cyclo cardiac-esseva evaluate per analyse Fourier.
Lo magnitudes del coefficientes que rolationa pression o effortio es: elastic (E,,), varia ab 1.000 a 6 .000 g/cm 2 (con le exception de un valor de 500 in le aorta thoracic de un can de 12 septimanas do otate); viscose (R P ), ab 10 a 150; e massa (M p ), ab 0,0002 a 0,005.
Le magnitudes del coefficientes varia ab un individuo al altere, ab un sito al altere intra le vasculatura, e in le curso del tempore in responsa a factores vasoactive.
Es discutite le effectos de epinephrina, norepinephrina, acetycholina, e stimulation de norvo autonomc super le proprietates mechanic e le comportamento do arterias.
Le difforentias inter le relation do pression e effortio e le relation de tension palietal e effortio es discutite, proque lo proprietates mechanic del material del pariete non es date directemente per le relation do pression e effortio, i.e., le radio e le spissitate del pariete debo essor prendito in consideration. Es disveloppate un discussion analytic e es derivate equationes mathematic que rolationa pression, tension parietal, radio, effortio, elasticitate, viscositate, e inertia in un tubo que deinonstratemente es un modollo fidel del arteria vivo.
